The neutron pair correlation in nuclei near the neutron drip-line is investigated using the selfconsistent continuum Skyrme-Hartree-Fock-Bogoliubov theory formulated with the coordinate-space Green's function technique. Numerical analysis is performed for even-even N = 86 isotones in the Mo-Sn region, where the 3p 3/2 and 3p 1/2 orbits lying near the Fermi energy are either weakly bound or unbound. The quasiparticle states originating from the l = 1 orbits form resonances with large widths, which are due to the low barrier height and the strong continuum coupling caused by the pair potential. Analyzing in detail the pairing properties and roles of the quasiparticle resonances, we found that the l = 1 broad quasiparticle resonances persist to feel the pair potential and contribute to the pair correlation even when their widths are comparable with the resonance energy.
I. INTRODUCTION
Many interests have been taken recently on pairing properties of neutron-rich nuclei near the drip-line. The most peculiar case could be the firstly observed halo nucleus, 11 Li, where two neutrons forming the halo would not be bound to the nucleus if the pair correlation were absent [1] [2] [3] [4] . Similar examples are also suggested in nuclei near the neutron dripline in heavier mass region: e.g., possible giant halo structure (consisting of more than two neutrons) which is predicted in Ca and Zr isotopes by the selfconsistent mean-field models [5] [6] [7] . A new aspect in these examples is that the pair correlation occurs among neutrons occupying unbound or weakly bound orbits with low angular momentum l = 0 or 1 whose wave functions extend far outside the nucleus due to the low (zero) centrifugal barrier.
A useful theoretical tool to study the pair correlation in the weakly bound nuclei in all the mass regions, except the lightest ones, is the coordinate-space Hartree-Fock-Bogoliubov (HFB) approach [8] [9] [10] [11] , in which the quasiparticle wave functions of weakly bound and unbound nucleons are described in the coordinate-space representation. Indeed the pairing properties in nuclei near the drip-line have been studied extensively within the HFB scheme [7, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] as well as the relativistic Hartree-(Fock)-Bogoliubov models [4-6, 11, 22-25] . The pair correlation we have to deal with here is, however, a rather complex and unresolved problem, and there exist controversial issues concerning the roles of weakly bound and unbound orbits. For instance, it has been argued in Refs. [18] [19] [20] [21] that neutrons in the weakly bound and unbound orbits with l = 0 and 1 tend to decouple from the pair field generated by the other neutrons because of the large spatial extension of their wave functions.
It is also claimed that those neutrons contribute very little to the total pair correlation in nuclei. On the contrary, other studies show large pairing effects even on the weakly bound neutrons, leading to the pairing anti-halo effect [26] and the increase of the neutron pairing gap for weaker binding of neutrons or for shallower neutron Fermi energy [14, 15] .
In this paper, we would like to present an investigation of the pairing properties of nuclei close to the neutron drip-line, with intentions to clarify the roles of weakly bound and unbound orbits with low angular momenta.
To perform this study, there exist some physically and technically important points which need to be treated carefully. Firstly, precise description of the wave functions outside the nucleus must be guaranteed since we deal with weakly-bound and unbound orbits. We achieve it in the present study by using the coordinate-space mesh representation for the Skyrme-Hartree-Fock-Bogoliubov model [9] .
Secondly, also related to the first point, a suitable boundary condition needs to be imposed on the wave functions of the quasiparticle states in the continuum, which also have sizable contribution to the pair correlation in the case of nuclei with a shallow Fermi energy close to zero. Note here that the quasiparticle states whose excitation energy exceed the separation energy form the continuum spectrum because they couple to scattering waves [8] [9] [10] . The Hartree-Fock single-particle orbits emerge as resonant quasiparticle states with finite width [10] . To describe this situation, one needs to guarantee the asymptotic form of the quasiparticle wave function as the scattering wave. In this way, we can avoid artificial discretization of the continuum spectrum, and can evaluate the width of a resonant quasiparticle state. This allows us to investigate how the resonant quasiparticle states contribute to the pair correlation.
Thirdly, it is important to describe selfconsistently the pair potential, which is the key quantity describing the pair correlation. To achieve this, however, the continuum quasiparticle states including both resonant and non-resonant states are to be summed up in evaluating the one-body densities. We adopt the Green's function technique [10] that provides a simple and effective way of summing. Thus, we are able to perform in the present work the fully selfconsistent continuum Hartree-Fock-Bogoliubov calculations, i.e., we derive selfconsistently both the Hartree-Fock potential (using the Skyrme functional) and the pair potential (using a density-dependent contact interaction as the effective pairing force). It is noted that the theoretical framework of the present analysis shares many common aspects with that in Refs. [18] [19] [20] [21] , but we differ in that we utilize the self-consistent pair potential as well as the Hartree-Fock mean-field. Our approach is rather similar to the continuum Skyrme-HFB calculations formulated in Refs. [7, 13, 27 ].
We will perform numerical analysis for the N = 86 isotones in the Mo-Sn region. The
Skyrme-HFB theory with the parameter set SLy4 suggests the presence of weakly-bound neutron single-particle orbits above the N = 82 shell gap in neutron rich nuclei with N > ∼ 84 and Z < ∼ 50. In the N = 86 isotones, particularly, the 3p 1/2 and 3p 3/2 orbits emerge close to the zero energy with the Hartree-Fock single-particle energies ranging from ε ∼ −0.5 MeV to unbound resonances around ε ∼ 0.7 MeV. Hence it provides us with a good testing ground to study the role of weakly bound low-l orbits in the pair correlation.
In the numerical analysis, we shall pay special attentions to the pair density (called also the pairing tensor or the abnormal density in the literature) and the related quantities. The pair density is one of the most relevant quantities to the pair correlation since it shows up in the definitions of both the selfconsistent pair potential and the pair correlation energy.
Using this quantity we will show that the l = 1 weakly bound or unbound orbits keep finite and sizable contribution to the pair correlation even when they form very broad quasiparticle resonances, and when they are located above the potential barrier. The pairing gap associated with the unbound quasiparticle states are also found to stay finite. This result is different from those in Refs. [18] [19] [20] [21] , which suggest the decoupling of the l = 0, 1 weakly bound and unbound orbits from the pair correlation. We shall discuss the origin of the difference.
Finally, we remark that the present analysis is related very closely to Ref. [15] , where, however, the Hartree-Fock potential is replaced by a simple Woods-Saxon potential although the deformation effect is taken into account. In the present work, we do not discuss the deformation effect for simplicity, but instead we investigate in detail the roles of weakly bound and unbound orbits especially with the low angular momentum by using the fully selfconsistent continuum Hartree-Fock-Bogoliubov calculations assuming the spherical symmetry.
In section II, we describe the formulation of the continuum Skyrme-HFB theory using the Green's function technique. After presenting the results including the numerical details and the related discussions in section III, we draw conclusions in Section IV.
II. FORMALISM
A. Hartree-Fock-Bogoliubov equation with Skyrme interaction
In the Hartree-Fock-Bogoliubov (HFB) theory, the pair correlated nuclear system is described in terms of the independent quasiparticles. The HFB equation for the quasiparticle wave function φ i (rσ) in the coordinate space is
where E i is the quasiparticle energy, and λ is the chemical potential or the Fermi energy. The
Hartree-Fock Hamiltonian h and the pair Hamiltonianh can be obtained by the variation of the total energy functional with respect to the particle density matrix ρ(rσ, r ′ σ ′ ) and pair density matrixρ(rσ, r ′ σ ′ ) respectively. The two density matrices can be combined in a generalized density matrix R as
where the particle density matrix ρ(rσ, r ′ σ ′ ) and pair density matrixρ(rσ, r ′ σ ′ ) are just the "11" and "12" components of R respectively.
The energy density functional of the Skyrme interaction is constructed with the local densities, such as the particle density ρ(r), the kinetic-energy density τ (r), and the spinorbit density J (r), etc., defined with the particle density matrix ρ(rσ, r ′ σ ′ ) [28, 29] . We adopt a density dependent delta interaction (DDDI) for the p-p channel:
which presents similar properties as the pairing interaction with finite range [30] . Then the pair Hamiltonianh is reduced to the local pair potential
where the local pair densityρ(r) is defined with the pair density matrixρ(rσ, rσ) [9] .
For the spherical symmetry, the generalized density matrix R can be expanded on the spinor spherical harmonics as
Using the 11 and 12 components of R lj , one can write the radial local densities as
where ← − d dr ′ denotes the derivative operator with respect to r ′ acting from right to left.
The quasiparticle wave function is represented as
which obeys the radial HFB equation
The explicit expressions of the effective mass m * q and the Hartree-Fock potential U lj (r) can be found in Ref. [9, 28] , and they are constructed by the radial local densities (6) and their derivatives.
B. HFB Green's function and densities with correct asymptotic behavior
In the conventional Skyrme HFB theory, one solves the radial HFB equation (8) with the box boundary condition φ lj (r, E) = 0 at the edge of the box r = R (R being the box size) to obtain the discretized eigen solutions for the single-quasiparticle energy and the corresponding wave functions. Then the generalized density matrix R can be constructed by a sum over discretized quasiparticle states. Although the box boundary condition is appropriate for the deeply bound states, it is not suitable for the weakly bound and the continuum states unless a large enough box size is taken.
Here the Green's function method is used to impose the correct asymptotic behaviors on the wave functions especially for the continuum states, and to calculate the densities.
The HFB Green's function G 0,lj (r, r ′ , E) can be constructed with solutions of the radial HFB equation (8) . Suppose φ (rs) lj (r, E) and φ (+s) lj (r, E) (s = 1, 2) are independent solutions of the HFB equation (8) that satisfy the boundary conditions at the origin and at the edge of the box, r = R, respectively, then the HFB Green's function is given by [10, 31] 
The coefficients c 
with w lj (rs, +s
To impose the correct asymptotic behavior on the wave function for the continuum states,
we adopt the boundary condition as follows,
lj (r, E) : regular at the origin r = 0 φ 
Here k ± (E) = 2m(λ ± E)/ and their branch cuts are chosen so that Imk ± > 0 is satisfied.
The generalized density matrix can be obtained by the contour integral of the Green's function on the complex quasiparticle energy plane, which in the spherical case can be written as [10, 31] R lj (r, r
The contour C E should be chosen to enclose the negative energy part of the quasiparticle spectra, as shown in Figure 1 , so that all the quasiparticle states inside the contour are summed up. Here the discrete quasiparticle states are denoted by crosses above the Fermi energy λ. Below the Fermi energy, the continuum quasiparticle states are denoted by the solid stripe. As a result, the radial local densities (6) can be calculated by the contour integral of the radial Green's function. In this way, we realize a fully selfconsistent continuum Skyrme HFB calculations.
C. Numerical details
For the Skyrme interaction, we choose the parameter set SLy4 [32] , and for the pairing interaction the DDDI parameters in Eq. (4) are adopted as V 0 = −458.4 MeV fm −3 , η = 0.71, α = 0.59, and ρ 0 = 0.08 fm −3 [33] [34] [35] . They reproduce the experimental neutron pairing gap along the Sn isotopic chain. We remark also that the parameter V 0 is chosen in such a way that the DDDI reproduces the 1 S scattering length a = −18.5 fm of the bare nuclear force in the low density limit ρ(r) → 0, i.e., in the free space outside the nucleus. Because of this constraint and the density-dependence, the pairing interaction strength is large around the surface, and even increases in the exterior. The truncation of the quasiparticle states is up to the angular momentum l = 12 and j = 25/2 and to the maximal quasiparticle energy
For the contour integration of the Green's function, the path C E is chosen to be a rectangle as shown in Figure 1 with the height γ = 1 MeV and the length E cut = 60 MeV, which symmetrically encloses the real negative quasiparticle energy axis. For the contour integration we adopt an energy step ∆E = 0.01 MeV on the contour path. We have checked that for the choice of these contour path parameters, the precision for ρ(r) andρ(r) thus obtained are up to 10 −10 fm −3 and 10 −9 fm −3 respectively. We choose the box size R = 20 fm, and the mesh size ∆r = 0.2 fm. We have also checked that dependence of the results on the box size is very small thanks to the boundary condition (13) with proper asymptotic form.
III. RESULTS AND DISCUSSION
In this section, taking the isotonic chain N = 86 as an example, we will discuss in detail how characters of the weakly bound and unbound quasiparticle states of neutrons vary as the neutron Fermi energy approaches zero, and how they contribute to the pair correlation.
A. HFB ground states and the quasiparticle spectra 
and the average pairing gap
The quantity in the denominator is the total neutron 'pair number'
which represents the amount of the pair condensate. It is noted that the variation of the average pairing gap and the total pair correlation energy along the isotones is less than 10% from 136 Sn to the last bound nucleus 128 Mo.
It is useful to investigate properties of individual quasiparticle states which are the elementary mode of single-particle motion in the HFB theory and the building blocks of the pair density. It is noted that the spectrum of the quasiparticles, i.e., the eigenstates of the HFB equation, includes both the discrete (0 < E < |λ|) and continuum (E > |λ|) quasiparticle states. Accordingly, the pair density can be expressed as a sum of contributions from individual quasiparticle states as
where the first term in r.h.s. is the sum over the discrete states, and the second term represents the integral of the contribution to the pair densityρ(r) from the continuum quasiparticle state with quantum number lj at energy E . If we include the discrete quasiparticle states in the definition ofρ lj (r, E), the above equation can be expressed as
andρ lj (r, E) can be calculated as
0,lj (r, r, −E − iǫ).
We can also calculate contributions from the state with quantum number lj at energy E to the pair numberÑ asñ
which satisfiesÑ
We call the quantityñ lj (E) the 'pair number density' in the following. We can also calculate the 'occupation number density' n lj (E) = 4πr 2 ρ lj (r, E)dr, which is discussed in Refs. [13, [18] [19] [20] [21] 27] . In the following, we will investigate the pair number densityñ lj (E) rather than the occupation number density n lj (E) since we found that the pair number densityñ lj (E) represents more clearly the structure of continuum quasiparticle states relevant to the pair correlation.
With the smoothing parameter ǫ in Eq. (20) the δ function (no width) originating from a discrete quasiparticle state is simulated by a Lorentzian function with the full width at half maximum (FWHM) of 2ǫ. In the following calculation, we take ǫ = 5 keV to discuss the structure of pair number density. Subtracting the smoothing width 2ǫ = 10 keV from the FWHM of the peak, we obtain the physical width Γ of the peak. Figure 2 shows the pair number densitiesñ lj (E) for neutron quasiparticle states in a low-lying energy interval E = 0 ∼ 4 MeV in the N = 86 isotones. A peak structure below the threshold energy E = |λ| (the dashed vertical line) is a discrete quasiparticle state (simulated by the Lorentzian function), and a peak above the dashed line may be identified as a quasiparticle resonance. The width Γ of the peak as well as the peak energy E q.p. are tabulated in Table I . In the same table, we also show the corresponding Hartree-Fock singleparticle energy ε, which is the eigen solution of the Hartree-Fock single-particle Hamiltonian h obtained with the box boundary condition. An eigen state with ε < 0 is discrete (bound) single-particle orbit, and ε > 0 is discretized continuum single-particle orbit whose energy
gives an estimate for the Hartree-Fock single-particle resonance energy.
In 136 Sn, the quasiparticle states corresponding to weakly-bound Hartree-Fock singleparticle states, 2f 7/2 and 3p 3/2 , are discrete states with no width (less than 0.1 keV in the actual numerical calculation) as they are located below the threshold energy |λ|. The
Hartree-Fock single-particle state 3p 1/2 is already in the continuum (ε ∼ 70 keV), and forms a quasiparticle resonance located just above the threshold energy with E q.p. ∼ |λ| + 15 keV with a large width Γ = 122 keV. On the contrary, the peaks for higher angular momentum states, e.g., 2f 5/2 and 1h 9/2 , have finite but smaller widths, forming narrow quasiparticle resonances.
As the proton number decreases, the neutron potential becomes shallower, and both the Fermi energy and the single-particle energies are raised up. For this purpose, we examine their contribution to the neutron pair density in the lowlying energy interval E = 0 ∼ 4 MeV. We denoteρ ′ nlj (r) for the partial contribution from the low-lying quasiparticle state, and evaluate it by performing the integral in Eq. (19) with E cut = 4 MeV for the quasiparticle resonances 2f 7/2 , 3p 3/2 , 3p 1/2 etc. The quantity weighted with the volume element, 4πr 2ρ′ nlj (r), is shown in Figure 3 for the N = 86 isotones. As the nucleus becomes more and more weakly bound from 136 Sn to 128 Mo, a significant variation of the pair densityρ ′ nlj (r) is seen for the 3p 3/2 and 3p 1/2 states: the amplitude of ρ ′ nlj (r) increases dramatically at the positions far outside the surface, r ≈ 7 − 15 fm. For the 3p 1/2 state, the increase at r = 8 and 10 fm are 80% and 200%, respectively while the increase inside, e.g. at r = 2 fm, is only ∼ 20%. The other quasiparticle states 2f 7/2 , 2f 5/2 and 1h 9/2 exhibit a similar trend of extending outside but to a much weaker extent.
Evaluating the volume integral ofρ ′ nlj (r), we list in Table I 
D. Effective pairing gap of continuum quasiparticle states
In order to make quantitative estimate for the influence of the pair potential on the lowlying quasiparticle states, we evaluate state dependent effective pairing gap which can be defined by
using the pair densityρ ′ nlj (r) for the specific quasiparticle state. We list it in Table I . In the nucleus 136 Sn, the effective pairing gaps of the 3p 3/2 and 3p 1/2 states are ∆ The facts that the effective pairing gaps of the 3p 3/2 and 3p 1/2 states are slightly smaller than the total average value, and that they decrease as the orbits become less bound and become unbound in the continuum, can be ascribed to the decoupling effect [18] [19] [20] [21] , which is expected to originate from the possible small overlap between the single-particle wave function and the pair potential. In Ref. [20] , the effective pairing gap in the weakly bound p orbit is suggested to be less than 50% of the average, and possibly less than 1/3 for an unbound p orbit. Compared with these numbers, the decoupling effect observed here (≈ 20 − 25%) is much smaller. Namely, we can see that these quasiparticle states persist to feel the pair potential and contribute to the pair correlation even if they become unbound and have large width.
The difference between the conclusions of our analysis and those of Ref. [20] can be explained as follows. In our analysis, the self-consistent pair potential not only peaks around the surface (r ≈ 5 − 7 fm), but also extends outside (up to 10 fm or more) as shown in Figure 4 (a), whereas the pair potential in Ref. [18] [19] [20] [21] has a Woods-Saxon shape whose main part is concentrated inside the nucleus. Meanwhile, the pair density 4πr 2ρ′ nlj (r) also peaks around the surface and extends outsides. Let us take, for instance, the 3p 1/2 resonance state in 128 Mo whose Hartree-Fock single-particle energy is around 0.7 MeV. Considering the wave function of the quasiparticle state at the peak energy E q.p. , its upper component ϕ 1 (r, E q.p. ) has large amplitude around the barrier as the state is located above the barrier height (0.35 MeV), and it oscillates in the asymptotic region. On the other hand, the lower component ϕ 2 (r, E q.p. ) exhibits an exponentially decaying asymptotics ∝ exp(−κr) with κ = 2m(|λ| + E q.p. )/ [12] . Since the contribution of this state to the pair densityρ ′ nlj (r) is given by the product of ϕ 1 (r, E q.p. ) and ϕ 2 (r, E q.p. ), the pair density is confined around the nucleus (r 15 fm in the present numerical examples) and the largest amplitude of 4πr 2ρ′ nlj (r) shows up around the surface even though the quasiparticle state is located far above the threshold and has a large width. Consequently, such states have sizable overlap with the pair potential and thus keep finite effective pairing gap even when the nucleus becomes more weakly bound.
Conversely we may argue a condition for occurrence of the strong decoupling in a semiquantitative way. Since the spatial extension of the pair density is characterized by a size constant rρ ≡ 1/κ = / 2m(|λ| + E q.p. ), the strong decoupling can be expected when rρ ≫ R surf. , i.e. only when both the Fermi energy |λ| and the quasiparticle energy E q.p. are sufficiently small. Here the energy E q.p. of a discrete or resonance quasiparticle state has a lower bound E q.p. > ∼ ∆ ′ nlj given by the effective pairing gap. For the p states in 128 Mo, we find E q.p. ∼ 0.7 MeV, and |λ| > 0.4 MeV, therefore, rρ ∼ 4 fm, which is not much larger than the nuclear radius R surf. ∼ 5 fm. This explains why the decoupling is weak here.
IV. CONCLUSIONS
We have investigated the neutron pair correlation in neutron-rich nuclei with small neutron separation energies by means of the fully selfconsistent continuum Skyrme HFB theory, in which the Green's function method is utilized to describe precisely the asymptotic be- Summarizing, even the broad quasiparticle p-wave resonances in the continuum do contribute to the pair correlation as far as it is located not far from the Fermi energy. This is different from the decoupling scenario [18] [19] [20] [21] . The reason for the difference is that the pair correlation in the present study is described selfconsistently using the effective pairing interaction which has enhancement outside the nuclear surface, and in this case the pair potential is enhanced largely around the surface and proximate exterior, keeping overlap with the low-l resonant quasiparticle states. Fig. 2 : the peak energy E q.p. and the width Γ extracted from the pair number densityñ lj (E), the Hartree-Fock single-particle energy ε corresponding to the quasiparticle state, the pair numberÑ ′ nlj , the pair correlation energy E ′ pair,nlj and the effective pairing gap ∆ ′ uv,nlj evaluated for the quasiparticle state lj within the energy interval E = 0 − 4 MeV. The unit of the energy is MeV, except for the width Γ shown in keV. Figure 3 .
